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We first review the recent accumulating evidences of the existence of a scalar-isoscalar
meson with the mass 500 to 800 MeV which may be identified with the sigma meson as
the quantum fluctuation of the amplitude of the chiral order parameter 〈q¯q〉. We indicate
that phase shift analyses which respect chiral symmetry (ChS ), analyticity and crossing
symmetry of the scattering amplitude show the sigma meson pole in the s-channel as well
as the ρ meson pole in the t-channel in the pi-pi scattering in the I = J = 0 channel. We
emphasize that the existence of the σ resonance does not contradict with the success of
the chiral perturbation theory; phenomenological difficulties with the renormalizable linear
sigma model do not necessarily deny the validity of the linear representation of ChS of QCD
as given by the NJL-like models which not only admit the σ resonance but also reproduce
the coupling constants Li and Hi appearing the nonlinear chiral lagrangian. We give some
examples of the hadronic phenomena which are naturally accounted for with the σ meson.
We show that the the σ meson as the amplitude fluctuation of the chiral order parameter
may be more clearly identified than in free space in hot and/or dense matter, even in finite
nuclei where partial restoration of ChS may be realized.
§1. Introduction
The low-energy hadronic world is characterized by the dynamical breaking of
chiral symmetry (ChS ), UA(1) anomaly, explicit SUV (3) breaking, success of the
constituent quark model, OZI rule and its violation in mesons and baryons, vector
meson dominance, and so on, even apart from the confinement of the colored quarks
and gluons. Although it is still a big challenge to explain the above mentioned
problems directly from QCD, a semi-phenomenological but unified description of
the above facts may be possible using a chiral effective model 1), 2), 3). As was first
discussed by Nambu 6), the collective nature of the vacuum and some hadrons related
to the dynamical breaking of ChS is essential for giving the unified description,
especially in realizing the chiral quark picture 4), 5). In Ref.2), the dominant role of
chiral symmetry in low-energy hadron dynamics was emphasized ∗. One may also
recognize that ChS plays an essential role in making nuclei stable hence our very
existence. Notice that nuclei are only stable bound systems in the hadron world.
One may say that this stability is due to the chiral symmetry of QCD; see §6 of Ref.
9).
The basic observation on which the whole discussions in this report are based is
that the dynamical breaking of ChS is a phase transition of the QCD vacuum with an
∗ The ∆I = 1/2 rule both in the meson and baryon decays may be a reflection of some collective
nature of the dynamics originated from ChS ; the σ meson 7) and the diquarks 8) may represent such
collectiveness.
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order parameter 〈q¯q〉 ∼ σ0, hence there may exist collective excitations corresponding
to the quantum fluctuations of the order parameter: The quantum fluctuation of the
phase of the order parameter is the pion, while the σ meson as we call here is nothing
but the quantum fluctuation of the amplitude of the chiral condensate. Therefore,
exploring the existence of the σ meson and its possible roles in the hadron world
are of fundamental importance for understanding of the nonperturbative structure
of the QCD vacuum.
§2. Low-energy QCD and the σ meson
2.1. The σ meson as the quantum fluctuation of chiral order parameter
Theoretically, the scalar quark condensate 〈q¯q〉=σ0 is determined as the value
where the effective potential (free energy) V(σ) takes the minimum. The σ meson
is the particle representing the quantum fluctuation σ˜ ∼ 〈: (q¯q)2 :〉 as stated above;
σ = σ0 + σ˜. In this sense, the σ meson is analogous to the Higgs particle in the
standard model, where the Higgs field is the order parameter, and the quantum
fluctuation of the field around the minimum point of the Higgs potential or the
effective potential is the Higgs particle in the present world. ∗
2.2. Chiral perturbation theory and the σ meson
Some effective theories 2) including the ladder QCD 10) predict the σ meson mass
mσ = 500 − 800 MeV. Furthermore, Weinberg’s mended symmetry
11) also leads to
the existence of the σ meson and the degeneracy of it with the ρ meson.
The Nambu-Jona-Lasinio(NJL)-like models 6), 1), 12), 2), 3) are known to work well
as an effective theory which well describe the chiral properties of of the low-energy
hadronic world including resonance phenomena and the processes incorporating chi-
ral anomaly. In these models, ChS is realized linearly and can incorporate the vector
mesons as well. It is worth emphasizing that the NJL-like models not only predict
the σ meson with the mass mentioned above but also reproduce the phenomeno-
logical parameters Li and Hi appearing in the nonlinear chiral lagrangian
13) up to
O(p4) only to which calculations are available 14); see also an excellent review 3).
It means that the fact that the renormalizable linear sigma model may not match
the low-energy phenomenology, as emphasized by Gasser and Leutwyler 13), do not
necessarily deny the linear realization of chiral symmetry as given in the NJL-like
models ∗∗.
2.3. Chiral symmetry, analyticity, crossing symmetry and the σ-meson pole in the
pi-pi scattering matrix
A tricky point on the σ meson is that the elusive meson strongly couples to two
pions to acquire a large width Γ ∼ mσ, which makes tough to deduce a phase shift
reliably enough of the pi-pi scattering in the I = J = 0 channel. Nevertheless recent
∗ The Nambu-Goldstone (NG) bosons in the standard model are absorbed away to the longi-
tudinal component of the gauge bosons, while the NG boson in QCD is the pion.
∗∗ It seems that the vector terms must be incorporated for a complete description of low-energy
phenomena in the NJL model approach 15), 1), 3).
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cautious phase shift analyses of the pi-pi scattering in the scalar channel have come
to claim a σ pole of the scattering matrix in the complex energy plane with the real
part Re mσ = 500-800 MeV and the imaginary part Im mσ ≃ 500MeV
16).
One should mention here that the same phase shift can be well reproduced
without the σ pole but only with the ρ meson pole in the t-channel using a model
lagrangian 17). Then one may naturally wonder whether we can go or not with the
σ. A nice resolution of this dilemma has been provided by Igi and Hikasa 18);see also
the contribution by Oller 19).
Igi and Hikasa constructed the invariant amplitude for the pi-pi scattering so
that it satisfies the chiral symmetry low energy theorem, analyticity, unitarity and
approximate crossing symmetry using the N/D method 20). In construction, they
assumed possible existence of resonances in I = J = 0 as well as I = J = 1 channels.
They calculated the two cases with and without the scalar resonance by putting on
and off the coupling gσ of the σ with the pions. When including the σ, they assumed
that the scalar meson is degenerated with the ρ meson as given in the mended
symmetry 11), which also gives the same couplings gσ = gρ of the mesons with the
pions. Then their amplitude has essentially no free parameter; actually, the coupling
constant g2ρ is slightly varied between the KSRF coupling m
2
ρ/2f
2
pi and m
2
ρ/pif
2
pi given
by the Veneziano amplitude. What they found is that the ρ only scenario can account
only about half of the observed phase shift, while the degenerate ρ-σ scenario gives
a reasonable agreement with the data.
In the approach in Ref.17, it is unfortunately quite unclear how well chiral
symmetry, analyticity, nor crossing symmetry even in an approximate way are taken
into account.
§3. Hadron phenomenology and the σ meson
If the σ meson with a low mass is identified, many experimental facts which
otherwise are mysterious can be nicely accounted for in a simple way 2), 9).
3.1. ∆I = 1/2 rule and the σ meson
The correlation in the scalar channel as summarized by such a scalar meson may
account for the enhancement of the ∆I = 1/2 processes in K0 → pi+pi− or pi0pi0 7).
In fact, the final state interaction for the emitted two pions may include the σ pole,
then the matrix element for of the scalar operator Q6 ∼ q¯RqLq¯LqR is sown to be
〈pi+pi−|Q6|K
0〉 = 〈pi0pi0|Q6|K
0〉, (3.1)
= Y0 ×
FK
3Fpi − 2FK
. (3.2)
where the Y0 is the standard matrix element given by the vacuum saturation approx-
imation and the last factor involving the pion and the kaon decay constants gives
the enhancement factor due to the σ pole. The relevance of the σ pole is best seen
by rewriting it in terms the meson masses 7),
FK
3Fpi − 2FK
=
m2σ −m
2
pi
m2σ −m
2
K
F 2K
F 2pi
, (3.3)
4 T. Kunihiro
which shows that the approximate degeneracy of the kaon and the σ can give a large
enhancement as required to account the experimental data.∗
3.2. The nuclear force and the σ meson
The phase shift analyses of the nucleon-nucleon scattering in the 1S0 channel
show the existence of the state-independent attraction in the intermediate range,
1 ∼ 2 fm. This attraction is indispensable for the binding of a nucleus. In the
meson-theoretical models for the nuclear force, i.e., One-Boson-Exchange Potential
(OBEP), a scalar and isoscalar meson exchange with the mass range 400∼ 700 MeV
is responsible for the state-independent attraction 22). The boson responsible for the
state-independent attraction has been denoted as “σ” with a quotation, because it is
a substitute of the two-pion exchange potential in this channel; the two-pion exchange
includes the ladder, the cross and the rescattering diagrams with the ∆(1232) being
incorporated in the intermediate states.
However, the problem is again how ChS is taken into account to construct the
N-N¯ to pi-pi amplitude in the t-channel.∗∗ An analysis which respects ChS showed
that the direct σ-N coupling is necessary to insure ChS in the N-N¯ to pi-pi amplitude
24). Furthermore, the amplitude of the rescattering of the pions mentioned above
should be constructed consistently with the pi-pi phase shift in the I = J = 0
channel, for which we have seen that ChS , analyticity and the crossing symmetry
are important.∗∗∗
3.3. The pi-N sigma term and the σ meson
The collective excitation in the scalar channel as described as the σ meson is
essential in reproducing the empirical value of the pi-N sigma term 26) ΣpiN = mˆ〈u¯u+
d¯d〉 27).
The basic quantities here are the quark contents of baryons 〈B|q¯iqi|B〉 ≡ 〈q¯iqi〉B
(i = u, d, s, ...). Actually, it is more adequate to call them the scalar charge of the
hadron. Feyman-Hellman theorem tells us that
〈q¯iqi〉B =
∂MB
∂mi
, (3.4)
which shows that once the baryon mass MB is known as a function of the current
quark masses mi, the quark content of the baryon is calculable. The problem is of
∗ One should, however, notice that it is urgent to explore whether the σ can systematically
describe the processes involving the kaon like the mass difference of KL and KS
21). We remark that
the incorporation of the vector mesons may be a missing link for the systematic description of the
weak processes involving the kaon, as in the description of the pi-pi scattering in a consistent way
with chiral symmetry, analyticity and crossing symmetry.
∗∗ A discussion to take into account ChS in the nuclear force was first given by Brown 23).
∗∗∗ In a phenomenological point of view, the nuclear forces with and without the direct σ-N
coupling are indistinguishable. Nevertheless when one tries to describe the baryon-baryon interac-
tions including hyperon-N and hyperon-hyperon interaction systematically, one may encounter cases
where the baryon-baryon forces constructed in a chirally symmetric way with the direct σ baryon
coupling give a better phenomenology than the ones constructed without the direct σ-baryon cou-
pling 25).
Chiral Symmetry and the Sigma meson 5
course to give the functional dependence of MB on mi. For this purpose, the chiral
quark model 4) is useful 27), where MB is given with “constituent quark masses” Mi
which is identified with the mass generated by the dynamical breaking of chiral
symmetry (plus current quark mass), hence ChS and the constituent quark model is
nicely reconciled in the chiral quark model.
One will immediately find that the scalar charge of a baryon is given in terms
of the scalar charge of the constituent quark,
Qji ≡
∂Mj
∂mi
= 〈q¯iqi〉qj , i, j = u, d, s, .... (3.5)
Notice that
d〈q¯iqi〉
dMi
= ΠSi (q
2 = 0), (3.6)
where ΠSi (q
2) is the zero-th order polarization in the scalar channel due to the i-
quark (i=u, d, s). If one uses the NJL model with a determinantal interaction 28),
one has 27)
Q =
[
1+Vσ ·ΠS(0)
]
−1
, (3.7)
where Vσ is the vertex of the interaction Lagrangian in the scalar channel in the
flavor basis;Lσres =
∑
i,j=u,d,s : q¯iqiV
σ
ij q¯jqj :. The scalar charge matrix is nicely
rewritten in terms of the the propagator Dσ(q
2) of the scalar mesons
Q = −Dσ(0) ·V
−1
σ , (3.8)
where
Dσ(q
2) = −[1+Vσ ·Π
S(q2)]−1 ·Vσ. (3.9)
Notice that when the interaction is absent Q = 1.
Effective charges are usually enhanced (suppressed) due to collective excitations
generated by the attractive (repulsive) forces. In the present case, we have of course
an enhancement. The enhancement is caused by the polarization of the vacuum in
the I = J = 0 channel; one may use the word “quantum fluctuation” for the physical
origin of the enhancement. The quantum fluctuation is nicely summarized by the
scalar meson, i.e., the σ meson.
The resulting scalar charges of the proton were calculated to be 27)
〈u¯u〉P = 4.97 (2), 〈d¯d〉P = 4.00 (1), 〈s¯s〉P = .53 (0), (3.10)
where the numbers with a paranthesis are the scalar charges given by the naive quark
model. One can see the collective effect corresponding to the σ meson enhances the
quark contents greatly. It is also to be noted that the strangeness in proton are
related with the flavor-mixing property of the scalar mesons. Accordingly, we have
ΣpiN = 49MeV, (3.11)
which is in good agreement with the “experimental value” 26).
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3.4. Remarks
We remark also the convergence radius of the chiral perturbation theory 29) is
linked with the mass of the scalar meson 30), 9).
The above facts indicate that the scalar-scalar correlation is important in the
hadron dynamics. This is in a sense natural because the dynamics which is respon-
sible for the correlations in the scalar channel is nothing but the one which drives
the chiral symmetry breaking. 9)
§4. Partial chiral restoration and the σ meson in hadronic matter
Although the recent phase shift analyses 16) of the pi-pi scattering and the iden-
tification of the pole in the I = J = 0 channel which might be identified with our
σ meson are great achievement, one must say that it is still obscure whether the
pole really corresponds to the quantum fluctuation of the chiral order parameter,
i.e., our σ. As was first shown by us 31), the σ meson decreases the mass (softening)
in association with the chiral restoration in the hot and/or dense medium, and the
width of the meson is also expected to decrease because the pion hardly changes the
mass as long as the system is in the Nambu-Goldstone phase. Thus one can expect a
chance to see the σ meson as a sharp resonance at high temperature and/or density.
Some years ago, the present author proposed several nuclear experiments in-
cluding one using electro-magnetic probes to produce the σ meson in nuclei, thereby
have a clearer evidence of the existence of the σ meson and also explore the possible
restoration of chiral symmetry in the nuclear medium 9), 32). To make a veto for the
two pions from the rho meson, the produced pions should be neutral ones which may
be detected through four γ’s.
When a hadrons is put in a nucleus, the hadron may dissociate into complicated
excitation to loose its identity in the medium. Then the most informative quantity is
the response function or spectral function of the system. A response function in the
energy-momentum space is essentially the spectral function in the meson channel.
If the coupling of the hadron with the environment is relatively small, then there
may remain a peak with a small width in the spectral function, corresponding to
the hadron. Such a peak is to be identified with an elementary excitation or a quasi
particle, known in Landau’s Fermi liquid theory for fermions. It is quite nontrivial
whether a many-body system can admit an elementary excitation or quasi-particle
with a specific quantum number. Landau gave an argument that there will be a
chance to describe a system as an assembly of almost free quasi-particles owing to
the Pauli principle when the temperature is low 33). Then how will the decrease of
mσ in the nuclear medium
31) reflect in the spectral function in the σ channel?
It has been shown by using linear sigma models that an enhancement in the
spectral function in the σ channel occurs just above the two-pion threshold along with
the decrease of mσ
34). Recently, it has been shown 35) that the spectral enhancement
near the 2mpi threshold takes place in association with partial restoration of ChS at
finite baryon density.
Referring to 35) for the detailed account, we here describe the general features
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of the spectral enhancement near the two-pion threshold. Consider the propagator
of the σ-meson at rest in the medium : D−1σ (ω) = ω
2 −m2σ− Σσ(ω; ρ), where mσ is
the mass of σ in the tree-level, and Σσ(ω; ρ) is the loop corrections in the vacuum
as well as in the medium. The corresponding spectral function is given by
ρσ(ω) = −pi
−1ImDσ(ω). (4.1)
One can show that ImΣσ ∝ θ(ω − 2mpi)
√
1− 4m
2
pi
ω2
near the two-pion threshold
in the one-loop order. On the other hand, partial restoration of ChS implies that
m∗σ defined by ReD
−1
σ (ω = m
∗
σ) = 0 approaches to mpi. Therefore, there exists a
density ρc at which ReD
−1
σ (ω = 2mpi) vanishes even before the complete restoration
of ChS where σ-pi degeneracy is realized. At this point, the spectral function is solely
given in terms of the imaginary part of the self-energy;
ρσ(ω ≃ 2mpi) = −
1
pi ImΣσ
∝
θ(ω − 2mpi)√
1− 4m
2
pi
ω2
, (4.2)
which cleary shows the near-threshold enhancement of the spectral function. This is
a general phenomenon correlated with the partial restoration of ChS .
This result is interesting in relation with the experiment by CHAOS collabo-
ration 36); see 35), 37) and the report presented by Hatsuda 38) for more details and
recent development.
§5. Summary
The σ meson is the quantum fluctuation of the amplitude of the order parameter
of the chiral transition in QCD. The existence of the σ meson does not contradict
with the success of the chiral perturbation theory for the low-energy phenomena.
If analyticity, crossing symmetry are respected as well as chiral symmetry (ChS )
and unitarity, the phase shift analyses of the pi-pi scattering in I = J = 0 channel
is in favor of the existence of a scalar-isoscalar meson as well as the ρ meson in
t-channel. The scalar meson might be identified with the σ meson as the quantum
fluctuation of the chiral order parameter, though some work is still needed to make
the identification conclusive.
If the σ meson exists, the collective mode in the I = J = 0 channel as summa-
rized by the σ can account for various phenomena in hadron physics which otherwise
remain mysterious.
The study of the spectral function in the σ channel obtained for the systems with
finite T and/or the density ρB is interesting to elucidate the existence of the σ meson
more clearly and also the possible partial restoration of ChS . The CHAOS 36) group
may have seen an evidence of partial restoration of ChS in the nuclear medium.
This work is supported by the Grants-in-Aids of the Japanese Ministry of Edu-
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